We present the notion of temporal Lorentzian spectral triple which is an extension of the notion of pseudo-Riemannian spectral triple with a way to ensure that the signature of the metric is Lorentzian. A temporal Lorentzian spectral triple corresponds to a specific 3+1 decomposition of a possibly noncommutative Lorentzian space. This structure introduces a notion of global time in noncommutative geometry. As an example, we construct a temporal Lorentzian spectral triple over a Moyal-Minkowski spacetime. We show that, when time is commutative, the algebra can be extended to unbounded elements. Using such an extension, it is possible to define a Lorentzian distance formula between pure states with a welldefined noncommutative formulation.
Introduction
The theory of noncommutative geometry is related to the duality existing between algebra and geometry. Thanks to Gel'fand-Naimark theorem, we know that unital commutative C * -algebras are equivalent in a category-theoretical sense to algebras of continuous functions on compact Hausdorff spaces. A similar result is valid for locally compact Hausdorff spaces being equivalent to not necessarily unital commutative algebras. The extension of this duality to noncommutative C * -algebras opens the way to the definition of noncommutative spaces.
Behind those topological considerations, some metric information can be added by using Connes' notion of spectral triples [1, 2, 3] . A spectral triple (A, H, D) is composed of a Hilbert space H, a unital pre-C * -algebra A with a faithful representation as bounded multiplicative operators on H and a selfadjoint operator D densely defined on H with compact resolvent and such that all commutators [D, a] are bounded for every a ∈ A.
In the commutative case, the correspondence with Riemannian geometry is given by the so-called reconstruction theorem [4, 5] . For every compact Riemannian spin manifold, a spectral triple can be constructed by taking the Hilbert space H = L 2 (M, S) of square integrable spinor sections over M, the unital pre-C * -algebra A = C ∞ (M) (with pointwise multiplication and supremum norm) and the Dirac operator D = −i(c • ∇ S ), where c represents the Clifford action. The reconstruction theorem states that, under some additional axioms, commutative unital spectral triples correspond to existing compact Riemannian spin manifolds. Information on the differential structure can be extracted using the data given by a spectral triple. As an example, a notion of Riemannian distance between two states d(ξ, η), corresponding to the usual notion of distance, can be defined as d(ξ, η) = sup {|ξ(a) − η(a)| : a ∈ A, [D, a] ≤ 1}.
One goal of Connes' noncommutative geometry is to provide a new mathematical background which would be suitable to describe the fundamental forces of physics in a similar formalism. Such a background is given by the product of two spectral triples, a commutative one representing Euclidean gravitation (Euclidean in the sense of positive signature), and a noncommutative one representing a (still classical) standard model [2, 6] .
At this time, the theory of spectral triples is only completely defined for spaces with positive signature for the metric. However, this does not correspond to physical reality. A Lorentzian counterpart would be very useful especially for models dealing with gravitation. The extension to pseudo-Riemannian and Lorentzian spaces of the notion of a spectral triple is far from being complete, but some propositions exist [7, 8, 9, 10, 11, 12, 13, 14, 15, 16] .
In this paper we present a new way to construct Lorentzian spectral triples, starting from the interesting proposition by Strohmaier [12] on building pseudoRiemannian spectral triples based on Krein spaces. We show that it is possible to construct a spectral triple representing a (possibly noncommutative) globally hyperbolic Lorentzian manifold with a specific "3+1" decomposition and with a specific element of the algebra representing a global time. Such a construction is called a temporal Lorentzian spectral triple. The time element has the particularity to completely define a fundamental symmetry needed to recover the self-adjointness of the Dirac operator. As an improvement of the pseudo-Riemannian approach [12, 16] , we show that a specific construction of a fundamental symmetry, defined as the commutator between the Dirac operator and a time element, ensures that the signature of the metric corresponds to a Lorentzian space. This is a crucial property in order to recover the information coming from the Lorentzian nature of physical spacetimes like causality or Lorentzian distance as in [17] .
Furthermore, the definition of a Lorentzian distance formula as constructed in [17, 18] requires the use of unbounded functions and its noncommutative generalization cannot fit into the usual formalism of C * -algebras. Starting with our axioms of temporal Lorentzian spectral triple, we show that, when time is commutative, such a construction admits an extension of the algebra to unbounded elements by the way of a filtration. Then we show that a well-defined noncommutative formulation of a Lorentzian distance formula is possible in this context by defining a notion of distance between the unique extension of two given pure states.
The plan of this paper is the following. In Section 2 we recall the basic notions about Krein spaces and pseudo-Riemannian spectral triples. In Section 3 we present the axioms of a temporal Lorentzian spectral triple and the method for generating a filtered algebra of unbounded elements. In Section 4 we construct an example of noncommutative temporal Lorentzian spectral triple as the Moyal-Minkowski spacetime. In Section 5, we illustrate how the extension to unbounded elements can be used to define a Lorentzian distance formula for noncommutative temporal Lorentzian spectral triples with commutative time.
Krein Spaces and Pseudo-Riemannian Spectral Triples
We start with a review of the tools introduced by Strohmaier in order to adapt the construction of spectral triples to pseudo-Riemannian manifolds. We will just be interested here in the results and we refer the reader to [12] for the proofs and details. Some results about Dirac operators in pseudo-Riemannian geometry can also be found in [19, 20] . In the same way as a Riemannian spectral triple, a pseudo-Riemannian spectral triple is a triple (A, H, D) which corresponds in the commutative case to the algebra A = C ∞ (M) of smooth functions over a pseudo-Riemannian spin manifold M of signature (p, q) (with q ≥ 1), to the Hilbert space H consisting of square integrable sections of the spinor bundle over M and on which there exists a representation of A as multiplicative bounded operators, and to the Dirac operator D = −i(c • ∇ S ) acting on the space H. The Hilbert space H is endowed with the positive definite Hermitian struc-
where dµ g = |det g| d n x is the pseudo-Riemannian density on M. However, this structure does not admit any self-adjoint pseudo-Riemannian Dirac operator related to this positive definite inner product. Instead, the Dirac operator corresponding to the pseudo-Riemannian metric is an essentially Kreinself-adjoint operator if we transform H into a Krein space [21] , which is a space with indefinite inner product. Definition 1. An indefinite inner product on a vector space V is a map V × V → C which satisfies:
An indefinite inner product is nondegenerate if
Let us suppose that V can be written as the direct sum of two orthogonal spaces V = V + ⊕ V − such that the inner product is positive definite on V + and negative definite on V − . Then the two spaces V + and V − are two pre-Hilbert spaces by the induced inner product (with a multiplication by −1 on the inner product for the second one).
Definition 2 ([21])
. If the two subspaces V + and V − are complete in the norm induced on them and if the indefinite inner product on V is nondegenerate, then the space V = V + ⊕ V − is called a Krein space. The indefinite inner product is called a Krein inner product.
Definition 3 ([21]). For every decomposition
is called a fundamental symmetry. Such an operator defines a positive definite inner product on V by
Each fundamental symmetry of a Krein space V defines a Hilbert space structure, and two norms associated with two different fundamental symmetries are equivalent. So it is natural to define the space of bounded operators as the space of bounded operators on the Hilbert space defined for any fundamental symmetry.
Definition 4 ([21]). If
A is a densely defined linear operator on V , the Kreinadjoint A + of A is the adjoint operator defined for the Krein inner product ( · , · ) (with the usual definition and domain). An operator A is called Kreinself-adjoint if A = A + .
Of course, for any fundamental symmetry J we can define an adjoint A * for the positive definite inner product · , · J . In this case, the Krein-adjoint is related to it by A + = J A * J , and an operator A is Krein-self-adjoint if and only if JA or A J are self-adjoint in the Hilbert space. Now the question is how we could define a Krein space structure from a spin manifold with pseudo-Riemannian metric. This is done by using spacelike reflections.
Definition 5 ([12])
. A spacelike reflection r is an automorphism of the vector bundle T M such that:
It is clear that, for every pseudo-Riemannian metric of signature (p, q), the tangent bundle can be split into an orthogonal direct sum
where the metric is positive definite on the p-dimensional bundle T M 
This definition is independent of the choice of the local basis. With such a fundamental symmetry, the space H of square integrable sections of the spinor bundle becomes a Krein space endowed with the indefinite inner product
Actually, this operation is similar to a Wick rotation, but performed at an algebraic level.
In the special case of a 4-dimensional Lorentzian manifold, with signature (−, +, +, +), a canonical fundamental symmetry is just given by J = iγ 0 .
1
We have then the following result concerning the Dirac operator: 12, 19] In addition, we can also assume the existence of a fundamental symmetry J which commutes with all elements in A. In this case, A becomes a subalgebra of B(H) and the involution a * corresponds to the adjoint for the Hilbert space defined by J . We can notice that in the commutative case, with this definition of pseudo-Riemannian spectral triple as given in [12] , the operator D corresponds to the usual Dirac operator times a factor i q . The compact resolvent condition is not present in this definition. This comes from the fact that, on a pseudo-Riemannian manifold, the Dirac operator D is 1 With our choice of signature, the flat Dirac matrix γ 0 is such that γ 0 2 = −1 and γ 0 * = −γ 0 , so J = iγ 0 respects the conditions of a fundamental symmetry. The other flat Dirac matrices respect (γ a ) 2 = 1 and (γ a ) * = γ a for a = 1, 2, 3.
not elliptic. Its principal symbol satisfies the relation σ D (ξ) 2 = c 2 (ξ) = g(ξ, ξ) and so it is not invertible any more. In order to recover a similar condition, we define
. This operator is elliptic of order 1 since σ ∆J (ξ) 2 = g r (ξ, ξ), and is self-adjoint for the J -product. The compact condition is then required on ∆
and this is independent of the choice of the fundamental symmetry J [12] .
Temporal Lorentzian Spectral Triples
Pseudo-Riemannian spectral triples are a good tool in order to deal with general pseudo-Riemannian signatures, but the definition in itself does not allow us to control the signature of the metric. In particular, it is not possible to highlight spectral triples corresponding to Lorentzian spaces, which contain interesting new properties like causality and are of great importance to physicists. We present here an adaptation of the axioms of pseudo-Riemannian spectral triples corresponding to noncompact globally hyperbolic Lorentzian manifolds. The definition of temporal Lorentzian spectral triples is presented as a working basis, since the set of axioms is not fixed and could evolve to include more properties.
We start by some considerations about the construction of the algebra. For a noncompact manifold, the dual algebra for Gel'fand theory is the nonunital algebra C 0 (M) of continuous functions vanishing at infinity. The noncompactness of the manifold is mandatory in order to have a causal structure. Indeed, for a Lorentzian manifold without boundary, compactness implies the existence of points which are in the future of themselves [22, 23] , which is not physically realistic.
In order to deal with the noncompactness of the manifold, we will follow the construction in [24] for noncompact Riemannian spectral triples. We consider two pre-C * -algebras A ⊂ A with a similar faithful representation on a Hilbert space H. The algebra A is non-unital while the algebra A is a preferred unitization of A. Moreover, we require that A is an ideal of A (note that a weaker axiom can be used by requiring that A is an ideal of A). Such a preferred unitization can be seen as a sub-algebra of the multiplier algebra of A.
In the commutative case, those algebras can be constructed in the following way. Let us consider a noncompact Lorentzian spin manifold M. We consider the Hilbert space H = L 2 (M, S) of square integrable spinor sections over M and the Dirac operator
are some appropriate sub-algebras of the algebra of smooth functions vanishing at infinity and the algebra of smooth bounded functions in order to keep the property that ∀a ∈ A, [D, a] is bounded. As an example, on Minkowski spacetime, one can take A to be the space of Schwartz functions and A the space of smooth bounded functions with bounded derivatives [24] .
The main difficulty in defining a pseudo-Riemannian spectral triple corresponding to a Lorentzian manifold is to give a constraint on the signature such that only one timelike direction remains possible. In the construction we suggest here, such a constraint will take the form of an element representing a global time and defining by itself the needed fundamental symmetry in order to recover the self-adjointness of the Dirac operator. In the commutative case, we will suppose that the corresponding manifold respects the condition of global hyperbolicity.
From now, we suppose that M is a noncompact globally hyperbolic Lorentzian manifold admitting a spin structure. Since M is globally hyperbolic, M admits at least a Cauchy temporal function T , which is a smooth time function (function strictly increasing along each future-directed causal curve) with pastdirected timelike gradient everywhere and such that level sets are Cauchy surfaces [25, 26, 27] . The Lorentzian metric admits a globally defined orthogonal splitting
where g T is a Riemannian metric on each level set of T and u is a smooth positive function on M (we use here a signature of the type (−, +, +, +, . . . )). The function T is in general unbounded and thus does not belong to A but its smooth inverse 1 + T 2 − 1 2 is a smooth bounded function. At first, we consider a specific conformal transformation of the metricg = 1 u g and we suppose that the spin structure corresponds to the metricg. Such a conformal transformation induces an orthonormal splitting of the metric
This splitting on the metric induces a splitting on the tangent (and the cotangent) bundle T M = T M − ⊕ T M + , where the subbundle T M − has a one dimensional fiber generated by the gradient ∇T . So the temporal function T defines a spacelike reflection, with the associated Riemannian metric being g r = dT 2 +g T . Since ∇T is a generating element of T M − of norm one, dT is a generating element of T M * − of norm one. From the Proposition 6, we know that each spacelike reflection generates a fundamental symmetry J defined from the Clifford action c on a local oriented orthonormal basis {e} of T M * − by J = ic(e). Since {dT } is an orthonormal basis of T M * − , we have that
is a fundamental symmetry, and if the manifold M is complete under the metric g r = dT 2 +g T , by the Proposition 7 iD is Krein-self-adjoint for the Krein space defined by J , which is equivalent to the fact that J D is a skew-self-adjoint operator in H.
Then, we can recall that the Dirac operator respects the following known property [3] :
From that, we obtain that
is a fundamental symmetry of the Krein space. The condition on the Krein-selfadjointness of iD becomes a condition on the skew-self-adjointness of [D, T ]D on the Hilbert space H and can be written as
. Such a construction is satisfactory if we want information about the causal structure of the Lorentzian manifold, since the causality is unchanged by conformal transformation. However, in order to keep the metric aspect, one would like to extend the construction to more general conformal transformations. This can be done by relaxing the condition J 2 = 1. Indeed, for a general metric g = −u dT 2 + g T and the corresponding spin structure, we can define a more general fundamental operator
0 where γ 0 is now the curved Dirac matrix such that γ 0 γ 0 = g 00 1 = −u1. Since the fundamental symmetry is only modified by a Hermitian element J → J u = u 1 2 J with u > 0, it still defines a Krein space where the operator iD is Krein-self-adjoint, but it has lost its symmetric property and respects instead the more general condition J 2 = u1. In order to fit our C * -algebra formalism, we will restrict the conformal factors u to elements in A, such that J 2 can be seen as a positive (Hermitian invertible) element of A.
We now propose the following set of axioms for a Lorentzian spectral triple corresponding to a (possibly noncommutative) globally hyperbolic Lorentzian manifold. A temporal Lorentzian spectral triple is a pseudo-Riemannian spectral triple corresponding to a manifold with Lorentzian signature and admitting a global time, where the usual fundamental symmetry (usual in the sense of J 2 = 1) is completely determined by the Dirac operator D and the global time T by
2 . We can notice that, when the algebra is noncommutative, the commutativity condition of [D, T ] restricts the possibility of conformal transformations by requiring that u belongs to the center of the algebra Z( A). When the center is trivial, this reduces to the usual fundamental symmetry with [D, T ] 2 = 1 up to a constant scale. An example of construction of a temporal Lorentzian spectral triple in the noncommutative case will be given in Section 4.
While the construction of a temporal Lorentzian spectral triple comes from the properties of Lorentzian manifolds with global hyperbolicity, the following proposition shows us that the Lorentzian characteristics are recovered by this choice of axioms. 
Here we can discuss the Hermicity of the matrices γ µ for µ > 0. If some matrix γ µ has the same Hermicity that γ 0 (so is anti-Hermitian), we get γ µ γ 0 = γ 0 γ µ which implies γ µ γ 0 = g µ0 1 from the Clifford relations, which is impossible since γ 0 γ µ cannot be a multiple of the identity matrix for µ = 0. Hence all matrices γ µ are Hermitian for µ > 0 and they correspond to positive eigenvalues of the metric. Therefore, the geometry is Lorentzian. Moreover, we get
and the metric admits a global splitting.
We must remark that the above proposition is not a reconstruction theorem for Lorentzian manifolds. The meaning is that, assuming that there exists a reconstruction theorem for pseudo-Riemannian spin manifolds, then the chosen class of fundamental symmetries J = −u In the rest of this section, we will show that the above definition of a temporal Lorentzian spectral triple is suitable for the definition of an extension of the algebra to unbounded elements. Indeed, one key element about Lorentzian noncommutative geometry is the set of causal functions, which are real-valued functions that do not decrease along every causal future-directed curve. In particular, the sets of time or temporal functions are subsets of the set of causal functions. Those causal functions are used in order to give information about causality and metric aspects (see [17, 18, 28, 29, 30, 31] ). In particular, the construction of a Lorentzian distance function requires some functions with a minimum growth rate along causal future-directed curves g(∇f, ∇f ) ≤ −1 [28] , which is incompatible with the boundedness condition of the elements in A. So we would like to construct an algebra which could contain unbounded causal functions in order to keep information about time, Lorentzian distance and causality. However, in this case, the supremum norm (and a fortiori L p norms) cannot be used to define a Banach algebra. The needed unbounded elements are clearly in the * -algebra C ∞ (M). Since smooth functions are locally integrable, we can use a structure defined for the space of locally integrable functions L 1 loc (M). Such a structure is provided by the theory of partial inner product spaces (PIP-spaces). We give here a few elements of this theory. A complete introduction, including the topological aspects, can be found in [32] .
Definition 12 ([32])
. A linear compatibility relation on a vector space V is a symmetric binary relation f #g which preserves linearity. For S ⊂ V , we can define the vector subspace S # = {g ∈ V : g#f, ∀f ∈ S} ⊂ V which respects the inclusion property S ⊂ S # # . Vector subspaces such that S = S # # are called assaying subspaces.
The family of assaying subspaces forms a lattice with the inclusion order, and the meet and join operations given by
## . Usually, it is enough to consider only an indexed sublattice I = {S r : r ∈ I} which covers V , with an involution defined on the index I by (S r ) # = S r .
Definition 13 ([32])
. A partial inner product on (V, #) is a Hermitian form · , · defined exactly on compatible pairs of vectors f #g. A partial inner product space (PIP-space) is a vector space V equipped with a linear compatibility relation and a partial inner product. An indexed PIP-space is a PIP-space with a generating involutive indexed lattice of assaying subspaces. 
We can define an involutive indexed lattice of assaying subspaces by using weight functions. If, for r, r −1 ∈ L 2 loc (M) with r a.e. positive Hermitian, we define the space L 2 (r) of measurable functions f such that f r −1 is square integrable, i.e.
and is a generating lattice of assaying subspaces, with an involution defined by
). Actually, we have a realization of this indexed PIP-space as a lattice of Hilbert spaces {H r } r where each H r = L 2 (r) is endowed with the positive definite Hermitian inner product
In the following, we will denote such an indexed PIP-space by r H r , with the so called center space H 0 being the space of square integrable functions. The space C ∞ b (M) is a unital pre-C * -algebra which acts as bounded multiplicative operators on H 0 , with the operator norm corresponding to the supremum norm f ∞ = sup x∈M |f (x)|. We can make a similar modification to the supremum norm by introducing a smooth weight function r. We denote the algebra of bounded smooth functions by A 0 = C ∞ b (M). We define the following lattice of spaces:
Except for the center algebra A 0 , each A r is a vector space which does not have the structure of an algebra. Instead, those spaces have a structure of partial *-algebra, which means that the product f g ∈ A r is well defined only for a bilinear subset of A r × A r . Actually, we have the grading property f g ∈ A r if f ∈ A s and g ∈ A t , with r = st. Each A r is endowed with a norm · r = · r
, where · 0 is the operator norm on A 0 . In the same way as the lattice of Hilbert spaces, we define the * -algebra r A r which obviously corresponds to the algebra of smooth functions C ∞ (M) but endowed with a gradation.
It is trivial that r A r acts on the PIP-space r H r as multiplicative operators. Moreover, we have that each a ∈ A M s acts as a bounded operator a : H r → H rs if we consider the weighted norm.
So we see that it is possible to consider C ∞ (M) as a graded algebra of operators on some PIP-space, with a set of norms defined on the gradation. However, we do not need the whole space C ∞ (M). Indeed, the needed causal functions giving metric information are only unbounded "in the direction of time", which means that we do not really need functions which are growing indefinitely on spacelike surfaces. So we propose the following idea: the set of weight functions can be restricted in such a way that the filtered algebra r A r contains some functions which are growing indefinitely only along causal curves. A typical way is to restrict C ∞ (M) to the functions which satisfy a particular growth rate along causal curves. The final algebra can be constructed by the use of the global time function T :
is the unital pre-C * -algebra of smooth bounded functions on M.
• n∈Z A n is the unital filtered algebra of smooth functions on M of polynomial growth along timelike curves which are bounded on each Cauchy surface T −1 (t), t ∈ R.
This algebra has a large number of interesting properties, easily derived from the definition:
• Each set A n is simply generated from A 0 by f ∈ A n if and only if
• Each set A n is endowed with a norm
where · 0 is the norm on A 0 .
• We have the (descending) filtration properties A n ⊂ A n−1 ∀n ∈ Z and
• T ∈ n∈Z A n , and more precisely T ∈ A −1 .
• All smooth causal functions with polynomial growth are included in the algebra n∈Z A n .
• All continuous a.e. differentiable causal functions with polynomial growth are in the closure algebra n∈Z A n , where the closure is taken in each subset with respect to each norm · n .
The polynomial growth is just a particular choice. For example, one can define a similar filtered algebra with causal functions of exponential growth by taking a weight function like e α|T | , α ∈ R. The choice of the center unitization is also arbitrary since A 0 can be replaced by another suitable unitization. Now, we can remember that the pre-C * -algebra A = C . We can define the following Hilbert spaces:
The conjugate spaces H n = H −n , n ∈ N are just the topological duals of the spaces H n (properly speaking, there are the identifications of the topological duals under the Hermitian inner product on H 0 ). Then we have the discrete scale of Hilbert spaces:
Each H n is endowed with the positive definite Hermitian inner product
Then n∈Z A n acts as a family of multiplicative operators on n∈Z H n with a : H n → H n+m bounded if a ∈ A m and for each n ∈ Z.
This construction can be generalized to noncommutative spaces using temporal Lorentzian spectral triples. However, in order to conserve the properties of this construction, we need to impose some additional commutative conditions. • n∈Z A n has a faithful representation as a family of multiplicative operators on the indexed PIP-space n∈Z H n defined by
and H −n = H n the conjugate dual of H n with a : H n → H n+m bounded if a ∈ A m and with a positive definite inner product · ,
Moreover, the norms
for a ∈ A m correspond to the operator norm on n∈Z H n .
Proof. We know that 1 + T The norm · m = (1 + T 2 ) m 2 · on A m is the operator norm. Indeed, if we consider a ∈ A m as an operator a : H n → H n+m for some n ∈ Z, then:
where we use the facts that 1 + T 
Then, by a reasoning similar to above, the operator norm of [D, a] is independent of the chosen H n .
The Moyal-Minkowski Spacetime
Commutative temporal Lorentzian spectral triples can easily be constructed by using the construction presented in the previous section from any suitable globally hyperbolic Lorentzian manifold. One can wonder however if noncommutative examples can explicitly be constructed. In this section we answer the problem by showing that the Minkowski spacetime endowed with a Moyal product is a noncomutative temporal Lorentzian spectral triple.
The construction of spectral triples based on Euclidean Moyal planes has already been studied extensively in [24] . The algebra A is chosen as the space S(R n ) of Schwartz functions, which are smooth functions f ∈ C ∞ 0 (R n ) rapidly vanishing at infinity together with all derivatives. The product on S(R n ) is defined by the Moyal product:
where Θ is a real skewsymmetric n × n constant matrix. This product can be extended to the space L 2 (R n ) [24, 33] and there is a representation of A on the space of square integrable spinors
A is a nonunital involutive Fréchet algebra, and if equipped with the operator norm
A becomes a nonunital pre-C * -algebra. The pre-C * -algebra A = {S(R n ), ⋆},
We construct the Moyal-Minkowski spacetime in a similar way. We work with the space R 1,n−1 , and the Moyal ⋆ product is defined on the space of Schwartz functions S = S(R 1,n−1 ) and extended to L 2 (R 1,n−1 ). We define the nonunital pre-C * -algebra A = (S, ⋆) acting on the Hilbert space H =
. We must choose a suitable unitization A for the temporal Lorentzian spectral triple. A first choice could be the (left and right) Moyal multiplier algebra:
is the dual space of tempered distributions. Coordinates functions x 0 , x 1 , . . . x n−1 belong to this space, and respect the following commutation relations with the star product:
However, this unitization cannot be chosen since some elements in M (A) are unbounded. Instead we choose the sub-algebra A = (B, ⋆) ⊂ M (A) of smooth functions which are bounded together with all derivatives. A = (B, ⋆) is a unital Fréchet pre-C * -algebra that contains A as an ideal [24] . To complete the temporal Lorentzian spectral triple, we choose the temporal element T = x 0 as the first coordinate function and the usual flat Dirac operator
respects the chosen axioms for a temporal Lorentzian spectral triple.
Proof.
•
⌊n/2⌋ is a Hilbert space with positive definite inner product defined by the usual inner product on spinors ψ, φ = ψ * φ dµ g .
• A = S(R 1,n−1 ), ⋆ is a nonunital pre-C * -algebra with a representation π(f ) = L(f ) ⊗ 1 as bounded multiplicative operators on H with the norm · = · op .
• A = B(R 1,n−1 ), ⋆ is a preferred unitization of A with the same representation π on H and with the same operator norm · .
• T = x 0 acts as an unbounded self-adjoint operator on H.
is bounded on all R 1,n−1 with bounded derivatives, so it belongs to A.
• D = −i∂ µ ⊗ γ µ is clearly an unbounded operator densely defined on H. The property that [D, a] acts as a multiplicative operator D(a) = −ic(da) is still valid in the nonunital case [24] , so [D, a] is bounded for every a ∈ A.
• From [D, x 0 ] = −ic(dx 0 ) = −iγ 0 , the Krein space conditions can easily be checked:
If the dimension n is even, then this temporal Lorentzian spectral triple is even by taking the chirality element γ = (−i)
Proposition 17. The temporal Lorentzian spectral triple on the Moyal-Minkowski spacetime has commutative time if and only if the matrix defining the Moyal product is degenerate with
Proof. The degeneration of the matrix is equivalent to the fact that T = x 0 is in the center of M (A), which implies by expansion that 1 + (x 0 ) 2 commutes with all elements in A ⊂ M (A). Moreover, the property that [D, 1 + (x 0 ) 2 ] commutes with all elements a ∈ A is equivalent to the fact that [D, a] commutes with 1 + (x 0 ) 2 which is true since [D, a] acts as a simple multiplicative operator.
We can notice that, when the Moyal-Minkowski spacetime has commutative time, this allows us to construct temporal Lorentzian spectral triples corresponding to a modification of the metric by a scale factor u(t) with [D,
We first start by reviewing the results on the Lorentzian distance formula in the commutative case. We recall that a Lorentzian distance on a Lorentzian manifold M is a function d :
γ future directed causal piecewise smooth curve with
where l(γ) = −g γ(t) (γ(t),γ(t)) dt is the length of the curve and denotes the causal relation between points.
If M is globally hyperbolic, this function is finite and continuous, and respects the following properties [34] :
In the same way as Connes' distance formula gives an algebraic formulation of the Riemannian distance, there exists an algebraic formulation for the Lorentzian distance following the results in [17, 18] :
[ [17] ] Let us consider a globally hyperbolic Lorentzian spin manifold M with even dimension. For every two points p, q ∈ M, we define:
where D is the Dirac operator, H is the Hilbert space of square integrable spinor sections over M, γ is the chirality element and J = iγ 0 (curved gamma matrix).
Proposition 19 ([17]
). The function d(p, q) respects all the properties of a Lorentzian distance and, for every p, q ∈ M, we have
It is still unknown if there is an equality between this algebraic formula and the usual Lorentzian distance formula for every globally hyperbolic Lorentzian spin manifold. However, as it is shown in [17] , the equality can be obtained for manifolds whose Lorentzian distance function can be approximate by suitable smooth functions. In particular, on the Minkowski spacetime, this formula corresponds exactly to the usual Lorentzian distance. The proof of the equality for more general manifolds is currently a work in progress. We can conjecture that this is valid for a large class of globally hyperbolic Lorentzian spin manifolds.
We want to show that it is possible to adapt this algebraic formula to commutative temporal Lorentzian spectral triples with a possible generalization to noncommutative spaces. The difficulty comes from the constraint
which is equivalent, in the commutative case, to [17] sup g(∇f, ∇f ) ≤ −1 and ∇f is past-directed which implies that the needed functions are unbounded along timelike curves, which is not possible in A. However, some functions of the filtered algebra n∈Z A n fit our goal, and we can propose the following definition: Definition 20. Let us consider a commutative even temporal Lorentzian spectral triple (A, A, H, D, T ) with Z 2 -grading γ constructed from a globally hyperbolic Lorentzian spin manifold M. For every two points p, q ∈ M, we define:
where A n is the filtered algebra generated by the time element T . This definition is equivalent to the definition 18. Indeed, since the Lorentzian distance between two points is a local quantity, there is no influence on imposing conditions on the behaviour of the test functions at infinity (as long as their respect the condition sup g(∇f, ∇f ) ≤ −1), so smooth functions with polynomial growth bounded on Cauchy surfaces are sufficient and lead to the same formula.
In order to generalize this definition to noncommutative spaces, we need to introduce a distance between states instead of a distance between points. We recall that states on A are positive linear functionals (automatically continuous) of norm one. The space of states is denoted by S(A). It is a closed convex set (for the weak- * topology), and extremal points are called pure states, with the set of pure states denoted by P (A). In the commutative case, those pure states are the characters of the algebra (non-zero *-homomorphisms). From Gel'fandNaimark theory (see e.g. [3] ), the pure states on A = C ∞ 0 (M) correspond to the points of the manifold M by the relation χ ∼ p if and only if, ∀f ∈ A, χ(f ) = f (p) , for χ ∈ P (A) and p ∈ M. Those states can be extended uniquely to A n ⊂ C ∞ (M) by requiring that ∀f ∈ A n , χ(f ) = f (p), and we have the following definition: Definition 21. Let us consider a commutative even temporal Lorentzian spectral triple (A, A, H, D, T ) with Z 2 -grading γ. For every two pure states χ, ξ ∈ P (A), we define:
where A n is the filtered algebra generated by the time element T and where χ and ξ are considered as their unique extension to A n . This definition cannot be generalized to noncommutative spaces in a straight way. We need to study the way to extend the notion of states in the noncommutative case without using the notion of points, since such a notion becomes meaningless. First, we need to notice that, when the algebra is noncommutative, the space P (A) and P ( A) can be strongly different since the states on A may not necessarily be extended in a unique way to A. This will impose on us to only define a Lorentzian distance on P ( A). In order to extend the definition of the states to A n , we need the following lemma:
Lemma 22. Let A be a unital noncommutative pre-C * -algebra and let χ ∈ P ( A) be a pure state. If a ∈ Z( A), then ∀b ∈ A we have χ(ab) = χ(a)χ(b).
Proof. At first, let us suppose that b ∈ A is normal, i.e. bb * = b * b. We can define the unital pre-C * -algebra A ⊂ A generated by the elements {a, a * , b, b * , 1}. Since a and a * commute with everything and b is normal, A is a commutative pre-C * -algebra. We have that χ ∈ S(A), since χ is a positive linear functional on A such that χ(1) = 1. We can see that χ is a pure state on A. Indeed, if we suppose that χ = λχ 1 + (1 − λ)χ 2 for two states χ 1 , χ 2 ∈ S(A) with 0 < λ < 1, then χ 1 can be extended to A as a state with |λχ 1 | ≤ |χ| by the Hahn-Banach theorem [35] as well as χ 2 by setting χ 2 = 1 1−λ (χ − λχ 1 ), which implies that χ 1 = χ 2 since χ is a pure states on A. Since A is commutative and χ is a pure state, it is a character and respects the *-homomorphism property on A, so χ(ab) = χ(a)χ(b). 
Proof. Let us recall that, for every a ∈ n∈Z A n , there exist a 0 ∈ A and n such that a = 1 + T is in the center of the algebra, and by the Lemma 22 we have
Therefore,
and the definition of the extension of χ is independent of the chosen a 0 ∈ A.
We can notice that, in the commutative case, pure states χ ∈ P ( A) such that χ( 1 + T 2 − 1 2 ) = 0 do not correspond to pure states in P (A) since they do not correspond to an evaluation map at any point. They are states added by the unitization process (corresponding to a compactification of the manifold) and should be ignored. So it looks natural to ignore them even in the noncommutative case.
We can also see that, even if the requirement to have a commutative time could seem sometime restrictive, it is a necessary condition in order to guarantee that the extension of the states to unbounded elements is unique, and so to have a well defined noncommutative generalization of a Lorentzian distance formula.
At the end, we have the following definition for a Lorentzian distance formula valid on both commutative and noncommutative spaces: 
Conclusions
In this paper, we have studied the problem of defining spectral triples corresponding to manifolds with Lorentzian signature. We have suggested some axioms to construct temporal Lorentzian spectral triples, which are spectral triples corresponding, in the commutative case, to globally hyperbolic Lorentzian manifolds. Those axioms are based on the existence of an element representing a global time and which is sufficient to define a fundamental symmetry needed to recover the self-adjointness of the Dirac operator. This can be shown as a kind of "3+1" decomposition of a possibly noncommutative Lorentzian manifold. An explicit construction of a noncommutative example is given in Section 4 with a Moyal-Minkowski spacetime. In the commutative case, the Proposition 11 guarantees that, even with an abstract definition of temporal Lorentzian spectral triples, the corresponding metric has a Lorentzian signature and a split nature.
We have shown that, under the requirement that time is commutative, those axioms allow us to extend the usual C * -algebra formalism to unbounded elements by using a technique of filtration and partial inner product spaces (PIPspaces). This extension is a needed tool in order to extend the definition of a Lorentzian distance formula [17] to noncommutative spaces. The noncommutative Lorentzian distance (Definition 24) is defined at the level of extensions of pure states to unbounded elements which are well-defined thanks to the filtration properties. At this time, the correspondence between such a formula and the usual Lorentzian distance in the commutative case is only completely proven for Minkowski spacetime, the correspondence resulting in an inequality in the general case. The possibility to define such distance on the space of pure states without requiring a commutative time is still an open question, as well as the complete proof of the correspondence with the usual Lorentzian distance. We must remark that, for more general manifolds and possibly noncommutative time, a definition of causality on the space of states can always be defined as it is shown in [17] .
The axioms of temporal Lorentzian spectral triples are subject to further development. In particular, the question of the smoothness of the Dirac operator (or more precisely of its elliptic modification) could be taken into account. It could also be interesting to wonder which temporal elements T generate a similar Lorentzian manifold, and in this case to define a set of axioms for Lorentzian spectral triples which should be independent of the choice of a temporal element. The theory of Lorentzian noncommutative geometry is clearly still in its early stages, and a lot of work should be done in order to have a complete set of axioms for Lorentzian spectral triples which could give rise to a possible reconstruction theorem.
